
2610 J . C . NiCHOL, E . B . D I S M U K E S A N D R . A. A L B E R T Y Vol . 80 

[CONTRIBUTION FROM THE CHEMISTRY DEPARTMENT, UNIVERSITY OP WISCONSIN] 

Weak Electrolyte Moving Boundary Systems Analogous to the Electrophoresis of Two 
Proteins 

BY JAMES C. NICHOL, EDWARD B. DISMUKES AND ROBERT A. ALBERTY 

RECEIVED DECEMBER 6, 1957 

A theoretical and experimental study is presented for low molecular weight weak electrolyte moving boundary systems 
analogous to those encountered in the electrophoresis of two proteins. The theory is applied to the system aspar ta te-
glutamate in acetate buffer under conditions where the constituents exist in significant concentration only as the uncharged 
acids and univalent anions. The compositions of the various phases produced by the passage of a current are predicted. 
The expected apparent analyses for the aspartate-glutamate mixtures are calculated from the predicted changes in re­
fractive index across the moving boundaries. The theory is tested using the experimental results of Loiigsworth along with 
data obtained in this Laboratory. It is shown that the true refractometric fraction of a "protein" component is not neces­
sarily obtained from the apparent refractometric fraction by a linear extrapolation of the ratio of the "protein" concentration 
to buffer concentration to zero. The theoretical calculations also provide information on the sharpening and spreading ef­
fects which result from pH and conductivity gradients through the moving boundaries. 

In giving a theoretical description of some of the 
effects encountered in protein electrophoresis, a 
number of workers1-4 have made use of strong elec­
trolyte moving boundary theory.5'6 However, 
since both proteins and the buffers used are weak 
electrolytes, a complete theoretical treatment re­
quires the application of the weak electrolyte mov­
ing boundary equation7"9 to all the constituents 
present. Weak electrolyte systems analogous to 
those used in the determination of the transference 
numbers of strong electrolytes have been discussed 
by Svensson and co-workers10 and by Alberty9 and 
Nichol.11 Dismukes and Alberty12 have applied 
the weak electrolyte moving boundary equation to 
a system analogous to the electrophoresis of a single 
protein in a buffer. 

In this paper we present moving boundary ex­
periments with monovalent weak acids which cor­
respond to the electrophoresis of mixtures of two 
proteins, where the "proteins" are at a pH above 
their isoelectric points in a buffer of the uncharged 
acid type. The theory developed is applied to the 
system aspartate-glutamate in acetate buffer over 
a range of pH in which the constituents exist in 
significant concentration only as the uncharged 
acids and univalent anions. This system was 
chosen because of earlier experiments by Longs-
worth13 who pointed out that neither the descend­
ing nor ascending pattern permitted a linear extrap­
olation of apparent analysis versus the ratio of con­
centration of "protein" component to buffer salt 
to the true analysis. Refractive increment data14 

are available for use in predicting the refractive in­
dices of solutions containing sodium acetate, as-
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(2) S. H. Armstrong, Jr., M. J. E Budka and K. C. Morrison, T H I S 

JOURNAL, 69, 416 (1947). 
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(5) V. P. Dole, ibid., 67, 1119 (1945). 
(6) H. Svensson, Arkiv Kemi, Mineral. Geo/., 22A, No. 10 (1946). 
(7) H. Svensson, Acta Chem. Scand., 2, 841 (1948). 
(8) R. A. Alberty and J. C. Nichol, T H I S JOURNAL, 70, 2297 

(1948). 
(9) R. A. Alberty, ibid., 72, 2361 (1950). 
(10) H. Svensson, A. Benjaminsson and I. Brattsten, Acta Chem. 

Scand., 3, 307 (1949); I. Brattsten and H. Svensson, ibid., 3, 359 
(1949). 
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partate, glutamate and the corresponding weak 
acids. 

Of special interest from the point of view of 
electrophoretic analysis is the prediction of the 
magnitude of the individual concentration changes 
across each boundary in the above system, includ­
ing those of constituents which do not disappear 
in the boundary. As a consequence of the super­
imposed refractive index gradients, the apparent 
refractometric analyses from the ascending and de­
scending patterns are different, and the analyses 
also depend upon the ratio of the total protein con­
centration to the buffer concentration. 1^.15.16 

For the simple system discussed below quantitative 
predictions of these effects are made and confirmed 
by experiment. 

In the preceding paper, Nichol and Gosting17 

have shown that for strong electrolyte systems anal­
ogous to those used for analyzing protein mix­
tures, the apparent fraction of a "protein" com­
ponent does not in general approach the true re­
fractometric fraction linearly as the ratio of total 
"protein" concentration to "buffer" concentration 
approaches zero. The theoretical calculations for 
the weak electrolyte aspartate-glutamate-acetate 
system discussed in this paper lead to the same con­
clusion. It is therefore evident that great care 
should be exercised in interpreting linear extra­
polations of the apparent analyses to infinite dilu­
tion of the components being analyzed. 

Theory 
The descending and ascending moving boundary 

systems to be considered are illustrated in Fig. 1. 
These systems result when the initial boundaries 
are formed between a buffer (AR, HR; where AR 
is the salt of a weak acid HR and a strong base 
AOH) and a solution of two weak acids (HS and 
HT) in the buffer. The mobility of constituent T is 
greater than that of constituent S. In order to ob­
tain a moving boundary system of this type, it is 
necessary to pick weak acids with ionization con­
stants and anion mobilities such that the two pro­
tein-like constituents (R and S) will disappear in 
the moving boundaries. It should be noted that 
since there are six constituents (R, S, T, A, H and 

(15) H. Svensson, ArUv. Kemi, Mineral. Ceol., 17A, No. 14 (1943). 
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Fig. 1.—(a) Descending weak electrolyte moving boundary 
system analogous to the electrophoresis of two proteins S 
and T in a buffer, AR, HR. (b) Corresponding ascending 
system. The arrow indicates the direction of the current, 
and the boundary near the initial boundary position is 
indicated by / / / / / /. 

OH), a maximum of four boundaries is permit ted 
in each limb.12 In the experiments reported only 
three boundaries are observed in each limb. Two 
of these are moving boundaries and the third is 
something like the concentration boundary which 
remains near the site of the initial boundary in 
strong electrolyte experiments bu t is different in 
t ha t the concentrations of the salts and the dif­
ferent acids do not change across the boundary in 
the same ratio. The boundary which is not ob­
served is of the type across which no constituent 
disappears and may be considered to be connected 
with the hydrogen and hydroxyl ions which have 
very low concentrations in the present experi­
ments . The conditions under which such a 
boundary does not form in a system analogous to 
the electrophoresis of a single protein have been 
discussed earlier.12 

In the following theoretical t rea tment use is 
made of the weak electrolyte moving boundary 
equation and of the Kohlrausch regulating func­
tion for monovalent weak electrolytes.12 In de­
riving the equations it is assumed tha t the relative 
ion mobilities and relative values of the ionization 
constants for the weak acids are constant through­
out the system, t ha t the mobilities of uncharged 
weak acid molecules are zero, t ha t the total concen­
trat ion of weak acid a t any level in the cell is con­
s tant and tha t the conductance due to H + and O H -

ions may be ignored. 
Compositions of the End Phases .—In order to 

predict the compositions of the intermediate phases 
which are formed by the passage of current, it is 
necessary to know the compositions of the end 
phases as well as values for the mobilities of all 
ions and ionization constants of all weak acids. 
The composition of the 5 solution (buffer) in terms 
of H R and A R is obtained directly from a knowl­
edge of the number of moles of H R and AOH used 

to make up the solution. If the a solution is made 
up of A moles of HR, B moles of HS, C moles of 
H T and 5 moles of AOH per liter, the concentra­
tions of the various weak acids and salts in this 
phase are given by 
A = a+r,B = b+s,C = c+t, S = a + b + c (1) 

where a = CAR, h = CAS, C = CAT, r = C H R , S = 
CHS and t = CHT- The equilibrium relations may 
be written as 

(A-O) _ „__ W -b) _ „__ ( C - C ) 
KHK. • KES T ' = i ? H T (2) 

where the K's are apparent ionization constants a t 
the ionic strength of the final solution. Since the 
ratios of these constants are assumed to be in­
variant throughout the system, the values of a and 
b may be obtained by simultaneous solution of the 
following two quadratic equations which are de­
rived from (1) and (2) 

(M - l)a» + [A + S + M(C - S) + b(M - 1)1 
a + A(b - S) = O (3) 

(N - 1)6» + [B + S + N(C - S) + a(N - 1)| 
b + B(a - S) = O (4) 

where M = -£THT/-KHR and N = Z H T / ^ H S - Con­
centrations c, r, s and / may then be calculated 
from equation 1. In these equations and those 
which follow all concentrations are taken as posi­
tive quantities. 

Compositions of Intermediate Phases in the 
Descending System.—The composition of the 
•y-phase may be calculated from the s ta tement of 
the conservation of weak acid 

^HR "T L h B — C H R + C H S + C H T (5) 
and from the Kohlrausch regulating function for 
monovalent weak acids12 

where 

i« = C? (-B \ M 

R
 V B rk/ 

py 
i = w r ' 

Ml 

: c o a = &0 (R) 

+ -
Ml Ml. •A/ V S rx/ 

(L + L\ • c"* 
V T TK) 

+ 

+ 
Mi rB 

fa 
HS I U H ^ ZZi. ( 7 ) 

The four unknown concentrations in the /J-phase of 
the descending limb may be obtained by combining 
equation 5, equation 6, the mass action relation­
ship (equation 8) and the weak electrolyte moving 
boundary equations8 '12 for the R and T constitu­
ents a t the a,/3-boundary (equations 9 and 1O).18 

fa 
_3 
a" 

KnnClJCi 
lOOOCf/j 

KmCUCi (8) 

Ci(TK + Mi) + C§(rx + rB) 

• ( rat -\- r°t 

TTO* /(C? + Cgx) = »«0<r« (10) 

where aa is the relative conductance, ($/1000) 
2V 

S Ciri» °f the a-phase,12 and JF is the faraday. 
I = I 

(18) I n solving these e q u a t i o n s , t w o s i m u l t a n e o u s q u a d r a t i c equa­
t ions f\(x,y) = 0 a n d f2(x,y) = 0 involv ing t b e u n k n o w n s C£ a n d 
Cg a r e encoun te red . If t he s u b s t i t u t i o n y = Vx is m a d e a n d each 
t e r m is d iv ided b y x, t h e t w o resu l t ing e q u a t i o n s m a y be c o m b i n e d t o 
yield t h e cubic e q u a t i o n g(V) = 0 which m a y be solved for V b y 
N e w t o n ' s m e t h o d . 
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Fig. 2.—Plot of apparent refractometric per cent, aspar­
tate versus CA/CB, the ratio of the sum of glutamate and 
aspartate constituent concentrations to the concentration 
of sodium acetate in the buffer. The curves have been 
computed theoretically; , ascending; —•—•—, de­
scending. The various symbols represent experimental 
points determined in the different buffers for which the 
theoretical curves were calculated: CHoAo/CN,0o = 2, O; 
1, • (Longsworth's data, ref. 13); 0.5, • ; 0, A. 

Compositions of Intermediate Phases in the 
Ascending System.—In the /3-phase of the ascend­
ing moving boundary system, the concentrations 
of the weak acids are calculated from the state­
ment of conservation of weak acid 

QR + Qs + Q x = QR + CHT = GHR 

the mass action relationships 
K H R Q R / Q - i v M Q s /Q - KKTC^/C^ 

and the fact that all ions are diluted by a common 
factor across the a,/3-boundary,12 expressed in this 
case by 

Ci/Cl = Cf/Cf = Cl/C? (13) 
The ion concentrations in the /3-phase may then be 
obtained by considering the additional relations in­
volving the Kohlrausch functions 

( H ) 

(12) 

QjT = oi5 (14) 

The four unknown concentrations in the y-phase of 
the ascending limb may be obtained by solving 
simultaneously equation 11, equation 14, the mass 
action relationship (equation 15) and the weak elec­
trolyte moving boundary equations for the R and T 
constituents at the y,5-boundary (equations 16 
and 17).18 

X B R Q R / Q = ^HTQT/C? (15) 

Ci 1000Q/5 
CI(TA + m) + CWA + J-T) 

~ ( Q K + Q Q E - CD (16) 

Boundary Displacements.—Once the composi­
tions of the various phases have been obtained, the 
relative conductances, <j, are readily calculable.12 

The boundary displacements, v, may then be ob­
tained from v — r/a where r is the relative con­
stituent mobility of a constituent present on only 
one side of the boundary and a is the relative con­
ductance of the phase containing this constituent. 
I t should be emphasized that r is not a constant 
throughout the system since it contains concentra­
tion terms varying from phase to phase. 

Apparent Refractometric Fraction of "Protein" 
Components.—These are calculable from the phase 
compositions and refractive index increments, k, 
of the salts and weak acids. For example, the 
apparent refractometric fraction, FT, of component 
T in the ascending channel is given by 

QKkAR + QHkHR + Q T k A T + QVkHT 
CA fek. • A R K A R 

FT<BM> CfRkAR + QRkHR + CfskA3 + C&kas + 
Q „ k H 

CfTkAT + Cf1JtHT - CA\kAR - Q R k H R 

(18) 

Experimental 

r r Q / ( Q + Q T ) = (^/1000>7S[Q(rA + rR) + 
Q ( r A + rT)] (17) 

Experiments were carried out with a Spinco Model H 
electrophoresis apparatus. An 11 ml. quartz Tiselius cell 
with reference paths was used. The cell had mean cross-
sectional areas of 0.750 cm.2 and 0.747 cm.2 for the two 
channels, these values being obtained by determining the 
cross-sectional area at 5 mm. intervals with a Gaertner 
comparator. A current of 16 ma., constant to ± 0 . 1 % , 
was used. 

Photographs of schlieren and interference fringe patterns 
were recorded simultaneously on Eastman Kodaline CTC 
plates. Boundary displacements were determined from the 
schlieren patterns by measuring the displacements of the 
maximum ordinates of the symmetrical peaks with a com­
parator. The refractometric analyses (recorded as apparent 
refractometric per cent, of aspartate in Fig. 2) were obtained 
from the Rayleigh fringe patterns. An initial fringe photo­
graph of each channel was taken after the cell center section 
had been moved into line with top and bottom sections but 
before the current was turned on. Corrections determined 
from measurements of small deviations of the fringes from 
linearity (maximum 0.2 fringe) in these initial photographs 
were applied to the fringe displacements across the moving 
boundaries. At the start of the experiment, no compensa­
tion of the boundaries was carried out but in most experi­
ments it was found necessary to back compensate at a later 
stage in the experiment in order to attain good resolution of 
the boundaries. The best results were obtained when the 
leading peak was kept stationary with respect to the cell. 
Too rapid compensation was found to result in changes in the 
total fringe displacement between the end solutions and in 
the refractometric analysis with time. In some experi­
ments, notably for the descending boundaries, complete 
separation, as evidenced by a region of zero fringe displace­
ment between the boundaries, was not obtained. Iu these 
cases the position of the minimum in the gradient curve 
between the boundaries was determined as described by 
Longsworth.13 Solutions were prepared in volumetric 
flasks calibrated for 1°. Aspartic and glutamic acid were 
weighed directly, while the desired volumes of standard 
sodium hydroxide and acetic acid solutions were delivered 
from calibrated burets. The aspartic acid, supplied by 
the Eastman Kodak Company and the glutamic acid, 
supplied by the Pfanstiehl Company, were both twice re-
crystallized from water and dried at 110° for 36 hr. 

Conductances were measured at 0° using a Shedlovsky 
type cell and a Jones bridge. Measurements of pVL were 
made at 25° with a Beckman model G />H meter. 

The values12 of the relative mobilities for sodium, acetate 
and aspartate ions used were 22.2, IC.7 and 11.1. The 
value for glutamate ion, 9.8, was determined from a con­
ductance measurement on sodium glutamate at 0°. The 
ionization constants were determined from pH measure­
ments on buffer solutions at 1° with the glass electrode. 
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TABLE I 

Expt . 

1 
2 
3 
4" 
5" 
6" 
T 
8 
9 

10 
11 
12 
13 

REFRACTOMETRIC 

C A / C B 

0.200 
.400 
.600 
.204 
.407 
.405 
.809 
.200 
.400 
.600 
.200 
.400 
.600 

ANALYSES OF EQUIMOLAR M I X T U R E S OF ASPARTIC AND GLUTAMIC 

5-Soln. 
C1NaOH CHOAO 

0.1000 
.1000 
.1000 
.1965 
.1990 
.0996 
.0999 
.1000 
.1000 
.1000 
.1000 
.1000 
.1000 

0.3000 
.3000 
.3000 
.3930 
.3980 
.1992 
.1998 
.1500 
.1500 
.1500 
.1000 
.1000 
.1000 

CNaOH 

0.1000 
.1000 
.1000 
.1965 
.1990 
.0996 
.0999 
.1000 
.1000 
.1000 
.1200 
.1400 
.1600 

a-Soln. 
CHOAC 

0.3000 
.3000 
.3000 
.3930 
.3980 
.1992 
.1998 
.1500 
.1500 
.1500 
.1000 
.1000 
.1000 

CHABP + CHGlut 

0.02000 
.04000 
.06000 
.0401 
.0811 
.0403 
.0808 
.02000 
.04000 
.06000 
.02000 
.04000 
.06000 

Ref rac tome t r i c 
Asc. 

(Exp. ) (Theor . ) 

50.7 51.38 
53.8 54.22 
55.6 56.17 
54.7 54.64 
59.1 59.61 
59.3 59.58 
65.5 64.80 
57.6 58.27 
64.3 65.58 
69.0 70.15 
67.4 66.59 
77.2 77.12 
83.1 82.62 

ACIDS 
% a s p a r t a t e 

Desc. 
(Exp . ) (Theor . ) 

46.8 47.10 
46.4 46.13 
45.0 44.71 
48.0 48.58 
47.6 47.86 
46.8 47.87 
42.7 43.68 
49.6 50.66 
49.2 50.50 
48.6 48.42 

" Calculated from Longsworth's data.13 

TABLE II 

CONDUCTANCE D A T A AND BOUNDARY DISPLACEMENTS 

B o u n d a r y d i sp lacement , v X 102, m l . / cou l . 

E x p t . Sp . cond. , 
n o . a a-soln. 

1 3.595 
2 3.522 
3 3.493 
8 3.623 
9 3.538 

10 3.431 
11 4.297 
12 4.835 
13 5.370 

" See Table I. 

K X 10' , 0 0 C . 
5-soln. 

3.682 
3.682 
3.682 
3.73o 
3. 735 
3.733 
3.753 
3.753 
3. 753 

Asc. 

Obsd. Theo r . 

2.28 
2.31 
2.36 
2.81 
2.94 
3.07 
3.15 
3.29 
3.35 

2.24 
2.27 
2.29 
2.83 
2.94 
3.03 
3.11 
3.25 
3.37 

Obsd. 

1.48 
1.47 
1.44 
2.34 
2.36 
2.46 

1Y 
T h e o r . 

1.50 
1.51 
1.50 
2.32 
2.42 
2,49 

Desc . 

Obsd . Theo r . 

2.20 
2.09 
1.97 
2.67 
2.63 
2.49 

2.14 
2.06 
1.93 
2.65 
2.60 
2.59 

Obsd. 

1.33 
1.27 
1.24 
2.02 
1.87 
1.76 

Theor . 

1.39 
1.31 
1.11 
2.02 
1.83 
1.73 

The values for acetic and aspartic acids have been given 
earlier12 while the second acid dissociation constant for 
glutamic acid is 5.25 X 10_B at 0.1 ionic strength. 

Results 
Measurements and theoretical predictions were 

made for both the ascending and descending sys­
tems which are represented by 

A s c : HOAc, NaOAc(S) ^-HOAc, NaOAc, HAsp, NaAsp-
(7) «-HOAc, NaOAc, HGlut, NaGlut, HAsp, 
NaAsp(/3)::HOAc, NaOAc, HGlut, NaGlut, HAsp, 
NaAsp(a) 

D e s c : HOAc, NaOAc, HGlut, NaGlut, HAsp, NaAsp(a) 
-^HOAc, NaOAc, HGlut, NaGlut(/3) *-HOAc 
NaOAc(T): :HOAc, NaOAc(3) 

where, referring to Fig. 1, acetate = O A c - = R, 
glutamate = G l u t - = S, aspar ta te = Asp~ = 
T and sodium = N a + = A. 

In Table I are given the compositions of the end 
solutions (a and S) and the refractometric per cent, 
aspar ta te obtained from measurements on the 
fringe photographs of the moving boundary sys­
tems. Experiments 4-7 are those of Longsworth,13 

his weight concentrations having been converted 
to an equivalent per liter basis by means of approxi­
ma te partial specific volumes.19 Longsworth re­
ported the apparent mole per cent, aspar ta te after 
correction for the unequal constituent refractive 
index increments of aspar ta te and glutamate, bu t 
the values given in Table I are the uncorrected re-

(19) E . J. Cohn a n d J. T . Edsa l l , " P r o t e i n s , Amino Acids a n d Pep ­
t i d e s , " R e i n h o l d PuW. Corp . , N e w York , N . Y., 1943, C h a p t e r s 7 and 
16. 

fractometric per cent, of aspartate . The column 
C A / C B gives the ratio of the sum of glutamate and 
aspar ta te concentrations to the concentration of 
sodium acetate in the buffer. Included for com­
parison in Table I are the theoretical refracto­
metric percentages of aspartate . In Table I I are 
listed the conductance data for the end solutions 
and the observed and theoretical displacements of 
the two moving boundaries in each limb. For ex­
periments 11, 12 and 13 (strong electrolyte case) no 
resolution occurred in the descending limb and 
hence no da ta are shown. Also, data are not shown 
for V?'* for the ascending system in 11, 12 and 13 
because resolution into two peaks was at tained only 
after back compensation. 

To show more clearly the trends in the data and 
to compare the experimental results with the 
theory, the refractometric per cent, aspar ta te has 
been plotted against the ratio C A / C B in Fig. 2. 
The computed values are in agreement with the ex­
perimental results within the experimental errors 
and the uncertainty in the input data for the 
theoretical calculations. This agreement is taken 
to confirm the theoretical formulation for this partic­
ular type of weak electrolyte system. At much 
higher or lower pH values additional species would 
have to be considered in the calculation. 

To establish precisely the limiting value of the 
refractometric per cent, aspartate as C A / C B —*• 0, 
computations were carried out a t values of this 
ratio extending considerably below those for which 
experimental da ta were obtained. Table I I I lists 
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the calculated values of refractometric per cent, 
aspartate, in this range starting at the lowest ex­
perimental points. The strong electrolyte case is 
omitted, because the limiting behavior is discussed 
in the companion paper.17 

TABLE III 

THEORETICAL VALUES FOR THE APPARENT REFRACTOMETRIC 

P E R CENT, OF ASPARTATE" 

C A / C B 

0.025 
.05 

.10 

.20 

0NaOAc " 

-6 
CHOA c/CNaOAo 

1 
0 .5 
1 
2 
0.5 
1 
2 
0.5 
1 
2 

= 0.1000. 

Refractometric % 
Asc. 

48.56 
50.50 
49.52 
48.53 
53.31 
51.34 
49.58 
58.27 
54.57 
51.38 

Discussion 

aspartate 
Desc. 

47.81 
48.71 
48.02 
47.41 
49.62 
48.34 
47.36 
50.66 
48.58 
47.10 

Several significant effects are demonstrated by 
the theoretical calculations and confirmed by ex­
periment for the aspartate-acetate-glutamate sys­
tem. The non-linearity of the refractometric per 
cent, aspartate versus CA/CB plots observed by 
Longsworth13 at pYL 4.6 is evident, especially for 
the ascending system, over the whole pYL range 
studied. It is clear that a linear extrapolation of 
the apparent refractometric per cent, to CA/CB = 
0 using values in the experimental range would 
not give the true refractometric per cent, of as­
partate. The difference may be particularly great 
if there is a maximum in the plot and experimental 
data for the extrapolation are available only on 
the high concentration side of the maximum. 
Furthermore, the theoretical calculations indicate 
that extrapolation of the apparent analyses ob­
tained in a much lower concentration range will not 
necessarily yield the true refractometric per cent, 
of the component being measured. In the present 
example, the calculated values extrapolate to a limit­
ing refractometric per cent, aspartate of 47.6% at 
CA/CB = 0 for both ascending and descending sys­
tems at all pH values used. However, the true 
refractometric per cent, aspartate, calculated from 
the concentrations and refractive index increments 
of the salts and acids in the original solutions, varies 
from 47.75 at pH. 7.6-8.0 (the strong electrolyte 
case) to 48.58 at pH. 4.40. 

The theoretical calculations also provide infor­
mation on the sharpening and spreading effects 
which result from pK and conductivity gradients 
through the moving boundaries. These effects 
were first discussed in detail by Longsworth,1 and 
they are of interest in connection with the steady-
state test for protein heterogeneity.20'21 The neces­
sary condition for a steady-state moving boundary 
is that the constituent which disappears in the 
boundary must have a higher constituent mobility 
behind the boundary than ahead of it. 

(20) E. A. Ander son a n d R. A. Alber ty , J. Phys. and Colloid Chem., 
82, 134.5 (1948). 

(21) H . H o c h , Biochem. J., 46, 199 (1950). 

The calculations for the descending system given 
in Table IV show that a" < o-*3 < <JT, SO that the 
gradient in the electric field strength through the 
moving boundaries will tend to cause spreading. 
In the ascending system, on the other hand, c8 < 
<ra < as (Table V) so that the gradient in the 
electric field strength will tend to cause sharpening. 

In both of these systems the conductivity effect is 
partially counteracted by the pH effect. In the de­
scending system pB.a < pW < £H>, and in the as­
cending system pW < pW < pK5. The net 
effect of the change in conductivity and pH may be 
seen by comparing the velocity of a constituent in 
the phase adjoining the boundary in which it dis­
appears with the velocity which the constituent 
would have on the other side of the boundary if an 
infinitely small amount diffused into that region. 
The mobilities in Tables IV and V for constituents 
not present in a phase were calculated using the 
equation 

r, = 

1 + 
-KTHRCHR 

Kax CR 

(19) 

where x is the constituent not present in the phase 
and R is a constituent which is present. 

TABLE IV 

THEORETICAL CALCULATIONS FOR THE DESCENDING SYSTEM 

0.2 M HOAc, 0.02 M HGlut, 0.02 M HAsp, 0.1 Ar 

NaOH(a)«-HOAc, HGlut, NaOH(/3) <- HOAc, NaOHC7): : 
0.2 AfHOAc, 0.1 TVNaOH(S) 

C o n c e n t r a t i o n s 
Phase CHOAC COAQ CHGiut Cdu t CHASP CABP 

6 0 . 1 0 0 . 1 0 0 0 0 0 
y .14 .11379 0 0 0 0 
S .13298 .09292 0 . 0 0 7 0 2 2 0 .012879 0 0 
a .12739 .07261 0 .008012 0 .011989 0 .004399 0 . 0 1 5 4 0 1 

Der ived q u a n t i t i e s 
Sha rpen ­

ing 
P h a s e a v pH rGlut ?A«p ra t io 

S 3 7 5 . 4 4 . 7 0 
0 

7 4 2 7 . 2 4 . 6 1 ( 6 . 6 8 ) " 
0 .01632 

/S 3 8 8 . 6 4 . 5 4 6 . 3 4 (8 .92) 0 .959 
0 .02380 

a 3 5 9 . 1 4 . 4 6 5 . 8 7 8 . 5 5 0 . 9 0 5 

" The parentheses indicate that the constituent is not 
actually present in this phase. 

TABLE V 

THEORETICAL CALCULATIONS FOR THE ASCENDING SYSTEM 

0.2 AfHOAc, 0.1 N NaOH(S) *- HOAc, HAsp, NaOH( 7 ) 
<- HOAc, HAsp, HGlut, NaOH(3): :0.2 M HOAc, 0.02 M 
HGlut, 0.02 M HAsp, 0.1 N NaOH (a) 

C o n c e n t r a t i o n s 
P h a s e CriOAo COAC CHGIUI Coiut CHAHP C\ni) 

5 0 . 1 0 0 . 1 0 0 0 0 0 
7 .09634 .07688 0 0 0 .003656 0 . 0 1 7 1 3 8 
3 .09099 .06431 0 .005723 0 .010617 .003285 .013639 
a .12739 .07261 0 ,008012 0 .011988 .004599 .015401 

Der ived q u a n t i t i e s 
Sha rpen ­

ing 
P h a s e er v PH fGiut ?A«P r a t io 

S 3 7 5 . 4 4 . 7 0 (9 .48) 
0.02662 1.029 

T 3 4 3 . 7 4 . 6 0 (6 .63)« 9 . 1 5 
0 .02002 1.022 

S 3 1 8 . 0 4 . 5 5 6 .37 8 . 9 5 
0 

a 3 5 9 . 1 4 . 4 6 5 .87 8 . 5 5 
a T h e p a r e n t h e s e s i nd i ca t e t h a t t h e c o n s t i t u e n t is no t 

a c t u a l l y p resen t in th i s p h a s e . 
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The constituent velocity is proportional to r/a, 
and the ratio (r/cr)behind/(';/<'')aiiead will be referred 
to as the sharpening ratio. If this ratio is greater 
than one, the net effect is to sharpen the boundary; 
if the ratio is equal to one, there will be no sharpen­
ing or spreading effect, and if the ratio is less than 
one, the net effect is to spread the boundary. The 
calculated sharpening ratios for the aspartate and 
glutamate boundaries in both the ascending and de­
scending channels are shown in the right hand 
columns of Tables IV and V. These calculations 
are in agreement with the fact that the ascending 
moving boundaries appear to move in a steady 
state and the descending boundaries continue to 
spread. 

Since proteins are such complicated weak elec­
trolytes, it is not possible to apply directly the 
equations derived here. However, these calcula­
tions and experiments indicate some of the problems 
in determining the true composition of a protein 
mixture by electrophoresis. If the components of a 
mixture can be isolated, it is always possible to ob­
tain the true analysis of a mixture by an empirical 

In previous papers23 there has been proposed a 
semi-empirical function V for covalent diatomic 
molecules of the form 

V = e-°B ( ^ - i ) (1) 

where R is the internuclear distance and a, b and c 
are parameters determined by fitting experimental 
data, c is interpreted as the product of the effec­
tive charges on the kernels of the two atoms. 

This function was devised in order to provide a 
proper dependence of V on R as R goes to zero. 
The same idea is here extended to ionic molecules 
and to inert gas atom interaction. 

Inert Gas Atom Interaction.—The usual em­
pirical function for this case is the exp-six or 
Buckingham potential4 

V = be"' - | 6 (2) 

where the first term is a repulsion due to non-
bonded interaction of closed shells and the second 

(1) This research was supported by a grant from the National 
Science Foundation. This paper was presented at the September, 1957, 
meeting of the American Chemical Society, 

(2) A. A. Frost and B. Musulin, / . Chem. Phys., 22, 1017 (1954). 
(Paper I.) 

(3) P. S. K. Chen, M. Geller and A. A. Frost, J. Phys. Chem., 61, 828 
(1957). (Paper II.) 

(4) E. A. Mason and W. E. Rice. J. Chem. Phys., 22, 522, 843 
(1954). 

method. This was done by Bock and Alberty22 

for mixtures of adenosine phosphates. Apparent 
analyses for mixtures of known composition were 
obtained by moving boundary experiments, and 
calibration curves showing the relationship between 
the actual composition and apparent analysis for 
a given set of conditions were constructed. 
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(22) R. M. Bock and R. A. Alberty, J. Biol. Chem., 193, 435 (1951). 
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term is a London attraction. I t is obvious that 
as R goes to zero this V goes to minus infinity in­
stead of positive infinity as it should reasonably do 
owing to internuclear coulomb repulsion. As a re­
sult various modified Buckingham potentials have 
been used. Buckingham and Corner6 and Rice 
and Hirschfelder6 have replaced the exp-six func­
tion at small distances by an arbitrary function 
that does behave more satisfactorily. This has 
been necessary in particular for virial coefficient 
calculations. 

I t is possible to remedy the negative infinity de­
fect in a smooth manner by modifying the London 
term as follows: Replace 1/i?6 by 

i [•-.-. (i + .R + <fl" + <f L' + mi + 

which can also be expressed as 

^ - ^ AAaR) (4) 
where 

^s(a) = J"e~ax x* dx 

(5) R. A. Buckingham and J. Corner, Proc. Roy. Soc. {London), 
A189, 118 (1947). 

(6) W. E. Rice and J. O. Hirschfelder, J. Chem. Phys., 22, 187 
(1954). 
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This semi-empirical potential energy function previously proposed for covalent diatomic molecules has been extended to 
apply to ionic molecules and to interaction of inert gas atoms. It is shown that this leads to a useful prediction of the dis­
sociation energy and internuclear equilibrium distance of ionic molecules using as the only experimental information the 
known interaction of the corresponding inert gas atoms. 


